induces muscle contractions via electrical stimuli. NMES can be used for rehabilitation and to enable functional movements; however, a fundamental limitation is the early onset of fatigue. Asynchronous stimulation is a method that can reduce fatigue by utilizing multiple stimulation channels to segregate and switch between different sets of recruited motor units. However, switching between stimulation channels is challenging due to each channel's differing response to stimulation. To address this challenge, a switched systems analysis is used in the present work to design a controller that allows for instantaneous switching between stimulation channels. The developed controller yields semi-global exponential tracking of a desired angular trajectory for a person's knee-joint. Experiments were conducted in six able-bodied individuals. Compared to conventional stimulation, the results indicate that asynchronous stimulation with the developed controller yields longer durations of successful tracking despite different responses between the stimulation channels.
fatigue during electrical stimulation limits its use in both applications. One suggested cause of fatigue is that conventional, single-channel stimulation is nonselective, spatially fixed, and temporally synchronous [9] , [10] , in contrast to the activation pattern of volitional contractions. To counteract this suggested cause of fatigue, researchers have developed asynchronous stimulation [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] as an alternative to conventional stimulation.
Asynchronous stimulation uses multiple stimulation channels with multiple spatially distributed electrodes to segregate the muscle group (or single muscle) of interest into multiple sets of muscles (or motor units). Electrical stimuli are then delivered as interleaved low frequency pulse trains. In other words, the pulse trains for each channel are phase shifted with respect to each other, thereby only activating one stimulation channel at any given time. By interleaving the pulses, a higher composite stimulation frequency can be achieved while maintaining low frequency stimulation in each channel to reduce fatigue. For example, four-channel asynchronous stimulation with 16 Hz yields a composite stimulation frequency equivalent 64 Hz single-channel stimulation, but, assuming there is no activation overlap, the motor units recruited by each stimulation channel are only activated at 16 Hz, and therefore, fatigue at a rate similar to 16 Hz conventional stimulation.
While asynchronous stimulation has been shown to reduce fatigue in open-loop experiments (see [13] , [15] , [16] , [18] [19] [20] [21] [22] [23] [24] [25] [26] , [28] , [29] ), the method presents challenges for closed-loop control. Specifically, because electrical stimuli are switched between multiple stimulation channels with spatially distributed electrodes, each stimulation channel is likely to recruit different motor units (with potential for activation overlap). Therefore, the evoked muscle force is expected to be different for each stimulation channel, even if each channel receives a stimulus with the same exact parameters (i.e., pulse amplitude and width). Therefore, switching between stimulation channels yields discontinuities in the torque produced about the knee-joint. Such discontinuities can lead to undesirable limb motions that may inhibit functional rehabilitation treatments. Thus, to develop feedback-based methods for FES that can take advantage of the potential benefits of switched, asynchronous stimulation, new control development, and justifying stability analysis is motivated.
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conventional single-channel stimulation [4] , [30] [31] [32] [33] [34] [35] , limited development has been provided for multichannel asynchronous stimulation. Lau et al. [27] studied standing in cats and found that the duration of standing achieved during closedloop control of asynchronous stimulation was longer than that for open-loop control. However, the closed-loop controller implemented was a logic-based if-then-else algorithm without modeling or stability analysis. Similarly, Frankel et al. [36] implemented an iterative learning controller for isometric force control in cats; however, no modeling or stability analysis was included. Downey et al. [37] developed an robust integral of the sign of the error-based (RISE) control law for asynchronous stimulation that achieved semi-global asymptotic lower limb trajectory tracking. However, the control design required there to be a window of time where the control input is transitioned from one channel to another. Heuristically, a transition period is expected to lead to increased muscle fatigue since each stimulation channel will be activated longer than otherwise desired. Furthermore, in practice, stimulation channels are instantly switched, motivating the design of a control law that allows for instant switching. In [37] , the transition period can be made arbitrarily small to approximate instant switching, but increased control gains are required to compensate for smaller transition periods. The previous work also implicitly assumes that the motor units recruited by each stimulation channel are independent. Yet, some degree of activation overlap is expected in practice, and therefore, it is motivated to remove this assumption in the control design. Based on preliminary work in [38] , a switched systems analysis is used to examine an alternative control approach that allows for instantaneous switching between stimulation channels, without additional requirements on the control gains. The present work also removes the implicit assumption that there is no activation overlap. The developed controller is implemented on six individuals with asynchronous and conventional stimulation. Asynchronous stimulation is found to result in statistically longer durations of successful tracking for the knee-joint angle despite statistically different responses between the stimulation channels.
II. LIMB MODEL
The knee-joint dynamics are modeled as in [30] as
where M I : R → R denotes the effect of inertia of the lower leg about the knee-joint; M e : R → R denotes elasticity due to joint stiffness; M g : R → R denotes the effect of gravity; M v : R → R denotes the viscous effects due to damping in the musculotendon complex; τ d ∈ R denotes a bounded, unknown, time-varying disturbance from unmodeled dynamics such that |τ d | ≤ τ d where τ d ∈ R is a known positive bound; and τ ∈ R denotes the knee-joint torque that is produced due to stimulation. The effects of inertia and gravity in (1) are modeled as
where J, m, g, l ∈ R are positive constants, and q,q,q ∈ R denote the angular position (depicted in Fig. 1 ), velocity, and acceleration of the shank about the knee-joint, respectively. The terms J, m, and l denote the unknown inertia of the combined shank and foot, the unknown mass of the lower leg, and the unknown distance between the knee-joint and the lumped center of mass of the lower leg, respectively, while g denotes the gravitational acceleration. The elastic and viscous effects are modeled as
where k e 1 , k e 2 , k e 3 ∈ R are unknown constants and
where B 1 , B 2 , B 3 ∈ R are unknown positive constants. During asynchronous stimulation, there are N ∈ N stimulation channels in the system. Since each stimulation channel is expected to activate differing sets of motor units, the resulting dynamics depend on the active stimulation channel. Let S ⊂ N be the finite index set for all involved subsystems (i.e., the stimulation channels) defined as S = {1, 2, 3, . . . , N}. The torque produced by stimulation of the ith subsystem is related to the musculotendon force as
where ς i ∈ R denotes a positive moment arm that changes with extension and flexion of the leg. The musculotendon force F T,i ∈ R in (3) is defined as
where a i ∈ R is the pennation angle between the tendon and the muscle which changes with extension and flexion of the leg, and F i ∈ R is the force produced by the recruited muscle fibers in the ith subsystem. The relationship between muscle force and applied voltage is denoted by the unknown function η i ∈ R as
where V i ∈ R represents the voltage applied to the ith subsystem by electrical stimulation. To facilitate the subsequent analysis, let i ∈ R be a positive auxiliary term, defined as in [30] as
From (3)- (6), the torque produced by stimulation of the ith subsystem is then related to the voltage applied to the ith subsystem as
Assumption 1: The moment arm ς i is assumed to be a continuous, nonzero, positive, bounded function [39] . The function η i is assumed to be a continuous, nonzero, positive, and bounded function [40] . Thus from (6), i is assumed to be a continuous, nonzero, positive, and bounded function such that i > > 0, ∀i ∈ S where ∈ R is a known positive constant.
During asynchronous stimulation, the active stimulation channel is switched according to a predefined sequence (selected by the user) where only one channel is activated at a given time. To describe this phenomenon, let σ : [t 0 , ∞) → S denote a piecewise constant signal which selects a subsystem from S to be activated at time t, where t 0 ∈ R is the initial time. The voltage delivered to each subsystem, V i , is then described in terms of the switching signal as
where ν i ∈ R denotes the subsequently designed control voltage for the ith subsystem.
Property 1:
The designed switching signal σ has a finite number of switching instances on any bounded time interval and the switching signal σ remains constant for t ∈ [t k , t k+1 ), k ∈ N, where t k denotes the instances of time when the active stimulation channel is switched. An example switching signal is illustrated in Fig. 2 for four-channel stimulation.
After utilizing (7) and (8), the knee-joint dynamics in (1) can be expressed as
where the inertial, gravitational, elastic, and viscous components are common to all subsystems since all subsystems act on the same knee-joint. In (9), while each of the terms vary with time in general, the time dependence of σ (t) is explicitly written to highlight that the control effectiveness instantly switches its value due to the switching signal σ , which characterizes the switching nature of asynchronous stimulation.
III. CONTROL DEVELOPMENT
The goal is to develop a controller that enables the kneejoint to track a desired angular trajectory. To facilitate the subsequent development, let e 0 ∈ R be defined as
where q d ∈ R is a desired angular trajectory for the knee-joint, which is designed such that
To facilitate the subsequent development, the auxiliary tracking errors e 1 , e 2 ∈ R are defined as
where α 0 , α 1 ∈ R denote selectable positive constants. Remark 1: Part of the motivation for designing e 1 and e 2 as in (11) and (12) is to include an integrator in the subsequently developed controller. It will later be shown that |e 0 |, |e 1 | → 0, which implies |q d − q| → 0, thereby achieving the control objective.
After multiplying the time derivative of (12) by J, and utilizing (2) and (9)- (11), the open-loop dynamics during asynchronous stimulation can be expressed as
where J is the same inertia for each subsystem since each subsystem acts on the same knee-shank complex, and W ∈ R denotes an auxiliary term defined as
To facilitate the subsequent stability analysis, (13) is expressed as
whereW, W d ∈ R denote the auxiliary terms
The motivation for expressing the open-loop error system as in (14) is to separate the model into groups that are bounded by states or by constants. Specifically, by applying the mean value theorem [41, Lemma 5] ,W can be upper bounded by state-dependent terms as
where · denotes the standard 2-norm, z ∈ R 3 is defined as
and ρ : R → R is a positive, radially unbounded, and nondecreasing function. Based on the assumption that the desired angular trajectory of the knee-joint is bounded, an upper bound for W d can be developed as
where W d ∈ R is a known positive constant.
Based on the open-loop error system in (14) and the subsequent stability analysis, a sliding-mode-based controller is designed as
where k 1,i , k 2,i , k 3,i ∈ R are positive, constant control gains, and sgn(·) denotes the signum function. To facilitate the subsequent analysis, let the minimum control gains for all stimulation channels be defined as
After substituting (18) into (14), the closed-loop dynamics can be written as
As described in the Appendix, Theorem 1 and its associated stability proof establish that the switching asynchronous controller in (8) and (18) yields exponential tracking of a desired knee-joint trajectory.
IV. EXPERIMENTS
Asynchronous and conventional stimulation were tested during isometric contractions to examine the muscle response to stimulation (i.e., the control effectiveness). Experiments were also conducted with dynamic contractions to test the developed controller and to better understand the NMES-induced fatigue characteristics of asynchronous and conventional stimulation during feedback control. For dynamic contractions, the developed control algorithm was used to vary the pulsewidth in real time while the current amplitude and stimulation frequency remained constant. Meanwhile, for the isometric experiments, the pulsewidth was varied open-loop (i.e., predetermined).
A. Subjects
Six able-bodied individuals (male, aged 20 to 27) participated in the study. Prior to participation, written informed consent was obtained from all participants, as approved by the institutional review board at the University of Florida.
B. Apparatus
A commercial leg extension machine (shown previously in Fig. 1 ) was modified for the present experiments. Orthotic boots were added to the machine to securely fasten the shank and foot. The modified leg extension machine allowed adjustments to ensure the axis of rotation of the knee-joint aligned with that of the machine. Optical encoders (BEI Technologies) were installed along the axis of rotation for the purpose of measuring the knee-joint angle for feedback control during the dynamic experiments. The encoders yield 20 000 ticks per revolution after utilizing quadrature, resulting in a resolution of 0.018 degrees. The encoder signal was recorded by a data acquisition device (Quanser Q8-USB) to provide angular position and velocity measurements to the developed controller during the dynamic experiments. The control algorithm was implemented on a personal computer running a compiled Simulink program at 1000 Hz. A current-controlled 8-channel stimulator (RehaStim, Hasomed GmbH, operating in ScienceMode) received the desired stimulation parameters via USB and delivered the stimulation to surface electrodes (Axelgaard Manufacturing Co., Ltd.) 1 placed over the quadriceps femoris muscle group. These stimulation parameters were calculated by the controller in the case of the dynamic experiments and were predetermined in the case of the isometric experiments. During isometric experiments, the knee-joint was fixed to a constant angle by connecting force transducers (Transducer Techniques) between the base of the leg extension machine and the metal linkage attached to the boots. The analog voltage provided by the force transducers was amplified and then recorded by the data acquisition device. This signal was then converted to knee-joint torque based on previously performed calibration.
C. Stimulation Protocols
Two stimulation protocols were examined: 1) 16 Hz asynchronous stimulation (A16) with four channels and 2) 64 Hz conventional stimulation (C64) with a single channel. These two protocols were selected because A16 has a composite stimulation frequency equivalent to C64. Conventional stimulation consisted of a single stimulation channel with a pair of 3" by 5" Valutrode surface electrodes placed distally and proximally over the quadriceps femoris muscle group, while asynchronous stimulation consisted of four channels of stimulation utilizing four electrodes placed distally (1.5" by 3.5" Valutrode) and two electrodes placed proximally (2" by 3.5" Valutrode). The electrode configurations utilized for conventional and asynchronous stimulation are depicted in Fig. 3 .
D. Precautions
The order of the two stimulation protocols (A16 and C64) were randomized for each leg. To prevent any layover effect of fatigue, each leg received only one stimulation protocol per day. A minimum of 48 h of rest was required before the individual completed the remaining stimulation protocol for each leg.
E. Measuring the Control Effectiveness
Due to the spatial distribution of the electrodes, it is expected that the muscle response to stimulation will be different for each channel when utilizing asynchronous stimulation. To examine the extent of the differences, recruitment curves (i.e., the relationship between pulsewidth and the evoked torque) were constructed for each channel with the knee-joint fixed at a constant angle, as depicted in Fig. 4 . To construct the recruitment curves, pulses were delivered at 64 Hz with a constant current amplitude of 70 mA and a pulsewidth that increased as a ramp (increasing in steps of 1 μs until the torque reached 25 N·m or the participant reported mild discomfort). The control effectiveness for each channel was then calculated as the linear slope of the recruitment curve. The control effectiveness was also calculated for conventional stimulation as a point of reference.
F. Fatigue Trials
After measuring the control effectiveness under isometric conditions, the force transducers were disconnected to allow the limb to move freely, as depicted previously in Fig. 1 . Fatigue trials were then conducted to compare each stimulation protocol in terms of its ability to maintain limb trajectory tracking. The desired angular trajectory 2 of the knee-joint was selected as a sinusoid ranging from 5 to 50 degrees with a period of 2 s. The current amplitude and stimulation frequency remained constant while the pulsewidth was adjusted according to the developed feedback control algorithm in (18) and (1) were attached between the base of the machine and the metal linkage (attached to the boots) to secure the leg. The shank was fixed at a constant angle (5) of approximately 15 degrees with respect to vertical. Given the inclination of the thigh with respect to the ground plane, the resulting knee-joint angle was approximately 90 degrees, as depicted. Stimulation was applied via surface electrodes (2) and the measured force (4) from the force transducers was converted to isometric knee-joint torque (3) for subsequent analysis. Fig. 5 . Block diagram. The objective of the fatigue trials was to examine how long each stimulation protocol could yield limb tracking within a predefined acceptable tolerance (i.e., the SRT). The measured and desired joint angles and velocities were utilized by the controller to calculate the stimulation input for each channel (18). The individual channels were then switched on and off according to (8) using the switching signal σ previously depicted in Fig. 2 . The desired stimulation parameters were delivered to the stimulator via USB. An optical encoder was affixed to the axis of rotation of the knee-joint. A data acquisition device provided joint angle and velocity measurements based on the encoder signal. These measurements were then returned to the controller, thus closing the feedback loop.
the stimulation channels were switched according to (8) and Fig. 2 . A block diagram of the control scheme is provided in Fig. 5 . Since there is a finite pulsewidth resolution for the stimulator (steps of 1 μs), the current amplitude must be selected small enough so that there is a sufficient range of pulsewidth values corresponding to the desired range of motion. However, the current amplitude must also be selected large enough so that the pulsewidth does not saturate. Based on preliminary experiments, the current amplitude was fixed to 70 mA. However, in the specific case of conventional stimulation with subject B, the current amplitude was increased to 90 mA since the muscle exhibited a weaker response to stimulation. This is Fig. 6 . Recruitment curves corresponding to the four individual channels of asynchronous stimulation on the left leg of subject C. Solid lines indicate the linear fit which illustrates the differences in the control effectiveness for each channel [i.e., in (7)].
unsurprising since conventional stimulation has been reported to require a larger current amplitude to reach the same value of torque as asynchronous stimulation [11] , [23] , [25] .
Control gains were adjusted in pretrial tests to achieve trajectory tracking. The root mean square (RMS) position tracking error was calculated in real time with a moving window of 2 s to assist the gain tuning process (targeting five degrees of RMS error). The baseline RMS tracking error was calculated when the tracking error had reached steady state. 3 The successful run time (SRT) of each fatigue trial was then calculated as the elapsed time from the onset of steady state 3 The onset of steady state tracking is defined as the point at which the RMS error begins to flatten (no longer decreasing from the large initial error). Steady state tracking occurred approximately 10 s after starting the trial, on average. tracking to the time that the RMS tracking error increased to three degrees above the baseline measurement.
G. Statistical Analysis
A Wilcoxon signed rank test was performed at a significance level of α = 0.05 to test for statistically significant differences between asynchronous and conventional stimulation in terms of SRT, the onset of steady state tracking, and the baseline RMS tracking error. A Friedman test was performed at a significance level of α = 0.05 to test for statistically significant differences between the four asynchronous stimulation channels in terms of the control effectiveness. Table I lists the control effectiveness for single-channel conventional stimulation as well as the control effectiveness for each channel of asynchronous stimulation. A Friedman test on the control effectiveness of the four asynchronous stimulation channels indicated that there was a statistically Fig. 8 . For asynchronous stimulation, the control inputs for each channel were calculated according to (18) and the stimulation channels were switched according to (8) . Depicted are the control inputs for the asynchronous stimulation fatigue trial of the right leg of subject D. For illustrative purposes, the control inputs are depicted over a period of 0.25 s.
V. RESULTS
significant difference between the channels (p-value = 0.000), with the channels 1 and 2 differing by more than a factor of two (median across all subjects). Fig. 6 depicts the measured recruitment curves for the left leg of subject C, highlighting each channel's differing response to electrical stimulation. The SRTs for each fatigue trial are listed in Table II, with the  corresponding baseline RMS error and onset of steady state  tracking listed in Tables III and IV, for conventional and asynchronous stimulation, respectively. Example fatigue trials comparing asynchronous and conventional stimulation are shown in Fig. 7 . A detailed view highlighting the switched control input for each stimulation channel is provided in Fig. 8 .
VI. CONCLUSION
Asynchronous stimulation is a promising stimulation method that has been previously shown to reduce fatigue during isometric contractions with fixed stimulation parameters [15] , [16] , [19] [20] [21] [22] [23] [24] [25] [26] , [28] . Asynchronous stimulation may also reduce fatigue during isotonic gripping [18] and FES cycling [13] . The desire to use asynchronous stimulation for rehabilitative procedures or neuroprostheses, coupled with the challenges of switching between sets of motor units, motivates the developed control design. A challenge to designing an asynchronous stimulation controller is that, due to the spatial distribution of the electrodes, each channel is likely to recruit a different number or type of motor units for the same stimulation parameters. From a control perspective, this problem is represented by a switching control effectiveness [ σ (t) in (9)]. While previous studies have not directly measured the control effectiveness for each channel, there is some previous evidence to suggest that each channel's response to stimulation can differ since asynchronous stimulation has been shown to result in force ripple (i.e., unfused tetanus) [11] , [19] . In the present study, the control effectiveness was measured for each channel during isometric contractions. The results indicate that there is in fact a significant difference, corroborating the switched model in (9) . It should be noted that the control effectiveness for each channel is time-varying in general (e.g., due to fatigue and the muscle force-length relationship), and therefore, the control effectiveness for each channel may become more similar or dissimilar as the leg moves and the muscle fatigues during feedback control. Nevertheless, the present results highlight that the control effectiveness values should not be assumed to be equal when developing control algorithms for asynchronous stimulation.
Limited control development has been provided for multichannel asynchronous stimulation. Lau et al. [27] implemented a closed-loop, logic-based, if-then-else algorithm for standing in cats. Frankel et al. [36] implemented an iterative learning controller for isometric force control in cats. However, no modeling or stability analysis were included in the aforementioned studies. In [37] , an RISE-based control law was developed for knee-joint tracking with asynchronous stimulation. While the work considered that each stimulation channel could have a different control effectiveness, the control design did not allow for instantaneous switching and made an implicit assumption that there is no activation overlap between the stimulation channels. Therefore, in the present work, a switched systems analysis was used to examine and develop an alternative control approach that allows for instantaneous switching between stimulation channels and removes the assumption that there is no activation overlap. The developed controller was implemented on six individuals with asynchronous and conventional stimulation. Asynchronous stimulation was found to result in statistically longer durations of successful tracking for the knee-joint angle despite statistically different responses between the stimulation channels. Although there were individual differences which could be due to differences in muscle physiology or conditioning, asynchronous stimulation outperformed conventional stimulation in terms of SRT in every trial (Table II) . This result is promising as longer SRTs indicate that asynchronous stimulation could lead to longer treatment durations for closedloop rehabilitation. Similarly, longer SRTs indicate that asynchronous stimulation could potentially be utilized in assistive devices to extend the duration that a functional task can be achieved.
While the present results are promising, additional opportunities exist for asynchronous stimulation. For example, when asked to qualitatively compare the two protocols, participants reported the sensation of asynchronous stimulation to be more unpleasant than conventional stimulation. This may simply be due to the fact that asynchronous stimulation had longer SRTs. However, it may also be due to increased current densities via smaller electrode coverage. It is possible that selection of an optimal electrode configuration or perhaps modulating the stimulation intensity for each channel based on its relative sensitivity to stimulation may alleviate this issue. Along these lines, an adaptive control design may prove to be beneficial for asynchronous stimulation. Specifically, adaptive controllers typically require less control effort and result in better tracking performance than robust controllers in practice, and reduced stimulation intensities could lead to increased comfort. Future efforts could also focus on extending the current result to other functional activities. For example, asynchronous stimulation has shown the potential to be effective for open-loop FES cycling with constant stimulation parameters [13] , but combining feedback control of FES cycling [42] with asynchronous stimulation may further improve rehabilitative treatments. Along these lines, opportunities exist whereby asynchronous stimulation could be implemented along with an exoskeleton (see [43] [44] [45] ) or robotic orthosis (see [46] ) to create a stimulation-assisted exoskeleton/orthosis that exploits the fatigue-resistant characteristics of asynchronous stimulation.
In conclusion, feedback control of asynchronous stimulation should also be examined in a patient population. While the present results are promising, significant additional testing beyond the scope of this paper is needed to determine clinical efficacy. Specifically, different disease and injury populations will potentially respond differently to electrical stimulation and may exhibit muscle atrophy. Therefore, the duration of successful tracking may differ from that of the able-bodied population in the present study. Nevertheless, asynchronous stimulation is still expected to be advantageous over conventional stimulation in terms of extending the SRT, as highlighted in the present study. Extended SRTs indicate the potential for prolonged treatment durations or increasing the number of successful repetitions of a functional task. However, diseasespecific clinical trials are needed to shed light on clinical impact.
APPENDIX
Let D be the interior of the set {ξ ∈ R 3 |ρ( ξ ) < 4λk 2,min } where 
which satisfies the following inequalities:
where λ 1 min{(1/2), (1/2)J}, λ 2 max{(1/2), (1/2)J}, and z was defined in (16) . Let the region of attraction D z ⊂ D be the interior of {ξ ∈ D|ρ( √ (λ 2 /λ 1 ) ξ ) < 4λk 2,min }. Theorem 1: The controller designed in (8) and (18) yields semi-global exponential tracking in the sense that
where t 0 is the initial time, and c ∈ R is some positive constant, provided that the control gain k 2,min is selected sufficiently large so that the initial condition z(t 0 ) ∈ D z ; α 0 , α 1 > (1/2); and the control gain k 3,min is selected according to the following sufficient condition:
where W d was introduced in (17) , and τ d is a known bound on the disturbance torque. Proof: The time derivative of (23) exists almost everywhere (a.e.), i.e., for almost all t
where ∂V L is the generalized gradient of V L , and K[·] is defined as in [47] . Since V L is continuously differentiable with respect to its arguments, (27) can be rewritten aṡ
where [47] , the fact thatJ = 0, and substituting (11), (12) , and (14) into (28) yieldṡ
FirstV L is examined during the nonswitching instants to prove that V L is a common Lyapunov function. Assuming the arbitrary subsystem p ∈ S is active at time ṫ V L ⊂ e 0 (e 1 − α 0 e 0 ) + e 1 (e 2 By canceling common terms and substituting (18) , (29) 
where c is a positive constant, ρ was introduced in (15), λ 2 was introduced in (24) , and λ was introduced in (22) . From the inequality in (33) , it can be concluded that V L is in fact a common Lyapunov function since its time derivative has a common negative definite upper bound for each subsystem. From (33) , [48, Corollary 1] can be invoked to show that z ∈ D, ∀t ≥ t 0 , ∀z(t 0 ) ∈ D z , and hence, e 0 , e 1 , e 2 , V L ∈ L ∞ , ∀z(t 0 ) ∈ D z . From (18) and the fact that e 2 ∈ L ∞ , the control input for each channel ν i ∈ L ∞ . From the inequality in (33) and the fact that z ∈ D, ∀t ≥ t 0 ,
From (24)
From the definitions of e 1 and z in (11) and (16) , |q d − q| ≤ |e 1 | + α 0 |e 0 | ≤ (1 + α 0 ) z , and thus, semi-global exponential tracking of the knee-joint trajectory is achieved in the sense of (25) . The region of attraction, D z , can be expanded arbitrarily by increasing k 2,min . Furthermore, the result of stability analysis is independent of the designed switching signal σ . In other words, the switching signal can be arbitrarily designed a priori by the user without needing to adhere to dwell time requirements. Limb tracking is therefore achieved for asynchronous stimulation despite instant switching between stimulation channels.
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